Observation issues are of fundamental importance for reaction systems due to the limited availability of on-line sensors and the uncertainties related to the mathematical model. The objective of this work is to propose a methodology to make a global analysis of observability and detectability of such systems, with a particular concern about the design of robust observers. For this the uncertainties of the reaction system are modelled as arbitrary unknown inputs. These results include and generalize the standard asymptotic observers, well-known in the biotechnology. Moreover, the observability properties required for the existence of such observers and for the assignability of their convergence dynamics are clarified.
Introduction
Reaction systems is a class of non-linear dynamical systems that is widely used in areas such as chemical, biochemical and biomedical engineering, biotechnology, ecology, etc. (Robust) observation issues for this class of systems is of fundamental importance due to the limited availability of on-line sensors and the uncertainties related, in particular, to the mathematical model. It is not surprising that there is an intensive research activity to design observers (or software sensors) for these systems (Bastin and Dochain 1990 , Dochain and Vanrolleghem 2001 , Dochain 2003a , and different methods for uncertain reaction systems, besides the classical extended Kalman and Luenberger observers, have been proposed (see Dochain and Vanrolleghem (2001) and Dochain (2003b) for an overview): interval observers (Gouze´et al. 2000, Rapaport and Dochain 2005) are based on cooperative systems theory; adaptive observers (Dochain 2003a) assume that the uncertainties are represented by unknown parameters; asymptotic observers (Bastin and Dochain 1990, Dochain and Vanrolleghem 2001) are based on the mass and energy balances without requiring the process kinetics; practical and parallelotopic observers (Rapaport and Gouze2 003) consider uncertainties as unknown inputs (UI) and converge practically (not exactly) to the true state for a restricted class of systems with bounded perturbations. Despite the fact that the existence of observers is intrinsically related to the observability or detectability properties of the system there are few studies in the literature dealing with these properties for reaction systems, particularly when they are uncertain. Moreover, except for the remarkable work of Chaves and Sontag (2002) , where global detectability conditions for a special class of chemical reaction networks without uncertainties and inputs and a global converging observer are given, and the paper by Rapaport and Gouze´(2003) , where an observability property for LTI systems with UI is required for the existence of practical observers, most of these studies are local Chen 1992, Dochain and Vanrolleghem 2001) and for systems without uncertainties. So, for uncertain reaction systems there is no clear understanding of the kind of observability/detectability properties required for the existence of robust and exact converging state observers, on how to check these properties and, if they are satisfied, how to design the corresponding observer. In fact no method is known in the literature to study observability or detectability for these kinds of system. The objective of this work is to contribute to alleviating this situation, proposing a methodology to make a global analysis of observability and detectability of uncertain reaction systems, and to construct a global, robust and exact state observer when the conditions are satisfied. There are many kinds of uncertainty models, and its selection is of paramount importance for solving the robust control problem. In this work uncertainties will be represented by arbitrary unknown input signals to the system. This is a flexible way to characterize many kinds of uncertainties, including unknown internal feedback loops and unknown internal/external perturbations to the system. Since no assumption on the boundedness or continuity of the unknown input is made, the represented incertitude is rather arbitrary, and it leads to simple and useful results. Of course, the arbitrariness of the uncertainties imposes rather strong conditions on the system for the robust observation problem to be solvable.
One important contribution of this paper is to show that the asymptotic observers (Bastin and Dochain 1990, Dochain and Vanrolleghem 2001) can be recovered and extended with our approach. A highly satisfactory result is to be able to explain, using observability/detectability arguments, why (classic) asymptotic observers converge and why their convergence rate is not assignable. Moreover, the robust observers proposed in this paper can be used in more general situations and their convergence properties are completely derived from the robust observability/detectability properties of the model.
Since in this paper the unknown inputs are allowed to be unbounded, their effect on the observation error has to be completely decoupled. For bounded disturbances it would be sufficient in practice to attenuate their effect on the observation error, so that the estimated state will be reasonably near to its real value. Using high-gain observers this approach has been pursued by (Besanc¸on (2003) for the fault detection problem, and by (Christofides (2000) and El-Farra and Christofides (2001) for the robust output feedback problem, but it will not be considered here.
The use of systems with unknown inputs for the representation of the uncertain reaction system's family leads naturally to the study of observability and detectability concepts for these kinds of system, and the construction and existence conditions of unknown input observers (UIO). For linear time invariant (LTI) systems this is a very well established topic. Hautus (1983) has introduced and characterized the relevant observability/detectability concepts and their relationships to the existence of UIOs has been completely clarified. Many authors have provided more insight into the UIO design methodology (Hou and Mu¨ller 1994) , their relationship with dissipativity properties (Moreno 2001) , or their application to the fault detection and isolation problem (FDIP). For more general systems some advances have been made, in particular, associated with the FDIP, that is related to but different from the observation one. Sufficient conditions for the solvability of the FDIP for bilinear systems given by Kinnaert (1999) and Hammouri et al. (2001) , and a geometric approach for the solution of the FDIP for a class of state affine systems is pursued in Hammouri et al. (2000) and Tmar et al. (2004) , and for non-linear systems in De Persis and Isidori (2001) . A particular FDIP is solved in Xu and Zhang (2004) for linear time varying systems. Some advances in the design of UIOs for non-linear systems have been obtained recently by Moreno (2000) and Moreno (2002, 2004) , however, and in contrast to the LTI case, observability and detectability properties are seldom used for more general systems to study the existence and the properties of UIOs.
The rest of the paper is organized as follows. A fairly general model of reaction systems is given in x 2 and a state affine system with unknown inputs, more general than the one proposed in Hammouri et al. (2000) , is proposed to represent the family of uncertain plants. Global observability/detectability properties are introduced for uncertain systems and their relationship with the existence of observers are studied in x 3. The observability properties of uncertain reaction systems are analysed in x 4, and their consequences for observer design are given in x 5, where a method to design robust observers is derived. Some examples in x 6 illustrate the results of the paper.
Model of (uncertain) reaction systems
A general state-space model of reaction systems is generally obtained from mass and energy balances (Bastin and Dochain 1990 , Dochain and Vanrolleghem 2001 and can be written in a compact and generalized form as:
where y 2 R m is the output vector, the state x 2 R n consists of component concentrations, volumes and temperatures, K 2 R nÂq is the constant stoichiometric coefficient matrix, ' 2 R q is the reaction rate vector, D is the (matrix) dilution rate, Q is the outflow rate vector, F is the feedrate vector. For a single reactor D is a scalar but it is a matrix when several reactors are considered.
In practice the model is usually uncertain, since the parameters and non-linearities of the system are difficult to identify precisely and they may change over time.
In particular, the reaction rates are usually poorly known. This makes the observation problem challenging. In order to deal with these uncertainties a representation of all possible behaviours of the system (1) is required. In this paper it is proposed to use state-affine systems with unknown inputs for this purpose, that is
Here w 2 R p is a vector of (arbitrary) unknown inputs representing uncertainties, u 2 R r is a vector of measured inputs, A(u, y) is a continuous matrix, B and C are constant matrices, and they are assumed to have full column and row rank, respectively, without loss of generality. (u, y) is a known continuous vector function of measured variables. No assumptions concerning the continuity or boundedness properties of w will be made. Although a linear output map will be used, all results are still valid if y ¼ (Cx), with : R m ! R m a continuous and continuously invertible map. The solution of (2) passing through x 0 at t ¼ 0 and corresponding to the input functions u and w is denoted by x(t, x 0 , u, w), and its output by y(t, x 0 , u, w) ¼ Cx(t, x 0 , u, w). Whenever there is no possible confusion, these will be simply denoted by x(t) and y(t). Let us assume in addition that the system AE U is complete, i.e., the state trajectories x(t) are defined for every t ! 0, every initial condition x 0 2 R n and every input u 2 U, and w 2 W, where U, W are classes of input functions. Denote by Y the set of all output signals of AE U . lim t ! 1 (z(t) À v(t)) ¼ 0 will be written for short as z(t) ! v (t).
Remark 1: The standard asymptotic observers, that have been shown to be very useful in many practical situations (Bastin and Dochain 1990 , Dochain and Vanrolleghem 2001 , are derived from the results in this paper when the reaction rates are considered uncertain, w ¼ '(x), but the rest of the model is assumed to be known, i.e., the uncertain system can be represented by (2) with
However, more general situations can be considered in (2) since uncertainties in the vectors F(t) and Q(x) can be included in w, and components of the reaction vector '(x), that are known, can be included in , if they depend on measurable variables. Moreover, measured components of Q(x) can be included in y or, if they are not measurable but they depend linearly on the state variables, as is usually the case in practice (Bastin and Dochain 1990) , they can be included in A(u, y)x.
Example 1: Single tank process: Consider the following reaction scheme of an oxidation process with a parallel path
that takes place in a single continuous stirred tank reactor (CSTR), with a (scalar) dilution rate d(t). If and are the external reactants, fed in with a feedrate F(t), and c , c and c , the concentrations of , and , respectively, are measured, the dynamics of the system in a CSTR is given by the equation (1) where I is the identity matrix.
(a) If the reaction rate vector is unknown, i.e.,
Example 2: Multi-tank process: Consider an activated sludge process with an aeration tank, where a single reaction S ! X occurs, and a (perfect) sedimentation tank, with no reaction, since the biomass X R is only recycled. If V and V s are the constant volumes of each tank, q in is the inlet flow rate, R and W are the recycle and wastage ratios and S is the measured variable, the dynamics is given by the equations (1) with , where k 6 ¼ 0 and (S) is the specific growth rate, typically given by the Monod or the Haldane laws. Consider two uncertainty cases.
(a) If only the reaction rate is unknown, i.e.,
is a representation of the uncertain reaction system AE R since every input/state/output trajectory of AE R , for every possible value of the uncertainty, is also a trajectory of AE U , generated selecting adequately the unknown input w in AE U . The basic idea of the paper is that if AE U is observable/detectable despite of w, then AE R is observable/detectable for every value of the uncertainty. Similarly, if AE U has a state observer that converges exactly despite of w, then the same observer will converge exactly for AE R for every value of the uncertainty. As a consequence, for (robust) observation purposes, AE R can be replaced by AE U . However, if the set of trajectories of AE U is much bigger than the one of AE R the conclusions drawn from AE U can be very conservative for AE R and sometimes useless. For example, considering constant unknown parameters of AE R as unknown inputs leads probably to very conservative results. An important issue is therefore to select AE U so that it is a coarse representation of AE R . This can be obtained by considering general classes of systems with unknown inputs for AE U . However, this class cannot be very general, since the basic idea is only useful when the observability analysis or the observer design for AE U is easier than that for the uncertain system AE R . The selection of AE U in the class of state affine systems is, therefore, a compromise between generality of the model class and computability of observability/ detectability tests and observer. It is clear that not every uncertainty situation can be suitably solved with this approach, but several successful practical applications of the asymptotic observers (Dochain and Vanrolleghem 2001) show the applicability of the method.
Observability and detectability concepts for systems with unknown inputs and existence of observers
Observability and detectability notions for systems with unknown inputs AE U (2) will be introduced and their relationship to the existence of unknown input observers discussed. In fact the results of this section remain valid for a general AE U of the form _ x ¼ fðx, u, wÞ, y ¼ h(x, u, w). A basic concept for systems without unknown inputs is that of indistinguishable states (Hermann and Krener 1977) . Roughly speaking, two states are said to be indistinguishable if their trajectories are different although both the input and the output of the system are identical. The importance of this definition comes from the fact that observer's existence for the system strongly relies on the existence (and the type) of such states. For systems with unknown inputs (2), similar concepts can be introduced, that are in general input dependent.
Definition 1 (UI observability and detectability): Consider for system AE U (2) an input u, an initial state x and an unknown input w.
. If "
x 6 ¼ x is such that y(t, x, u, w) ¼ y(t, " x, u, " w), 8t 2 ½0, 1Þ and for some w, " w 2 W, then " x is a strongly u-indistinguishable state of x. Denote by I UI ðu, xÞ the set of strongly u-indistinguishable states of x.
. AE U is strongly u-observable if for every x, I
UI ðu, xÞ ¼ fxg: . AE U is strongly u-detectable if for every x and every " x 2 I UI ðu, xÞ and any couple of signals w and " w that renders "
x indistinguishable, i.e., yðt, " x, u, " wÞ ¼ yðt, x, u, wÞ, it follows that xðt, "
x, u, " wÞ ! xðt, x, u, wÞ. . AE U is strongly u-asydetectable if yðt, "
x, u, " wÞ ! yðt, x, u, wÞ implies xðt, "
x, u, " wÞ ! xðt, x, u, wÞ. . AE U is strongly observable (detectable, asydetectable) if it is strongly u-observable [u-detectable, u-asydetectable] for every u 2 U.
These concepts are generalizations of the ones introduced by Hautus (1983) for LTI systems, where strong asydetectability has been called strong* detectability. For systems without unknown inputs they reduce to the usual concepts of (u-)observability and (u-)detectability. Note that the presence of an unknown input requires the introduction of two different detectability notions: strong detectability and strong asydetectability. For continuous time LTI systems with unknown inputs Hautus (1983) has shown that they are indeed different properties, but they become equivalent concepts when the inputs are known.
Remark 2: It is clear that strong (u-)asydetectability implies strong (u-)detectability, but the converse is not true. Moreover, strong (u-)observability implies strong (u-)detectability, but it does not necessarily imply strong (u-)asydetectability.
These properties are indeed related to the existence of unknown input observers (UIO).
Definition 2: (UI observer) A system
where z 2 R r is the state vector and #, are functions defined in ðz, u, yÞ 2 R r Â R p Â R m , is an unknown input observer (UIO) for the class of input/ output signals ðu, yÞ 2 ðU Â YÞ c U Â Y for system (2) if 9z 0 2 R r such that 8x 0 2 R n , 8w 2 W, and 8u 2 U such that ðu, yÞ 2 ðU Â YÞ c , it follows that xðt, z 0 , u, yðt, x 0 , u, wÞ þ ðtÞÞ ! xðt, x 0 , u, wÞ is satisfied for every asymptotically vanishing (t), i.e., (t) ! 0. It will be said that is an UIO for u if it is an UIO for fug Â Y u , where Y u represents the set of output signals of AE U generated by input u and 8x 0 2 R n , 8w 2 W.
Note that in this definition convergence is not required for every initial condition z 0 of the observer, and it can also depend on the input. This latter phenomenon is a natural consequence of the input dependence of the observability/detectability. If the observer is LTI it follows from its internal stability that a converging input produces a converging output, Observers for uncertain reaction systemsthat is, for every 1 (t) and 2 (t) such that 1 ! 0, 2 ! 0 the state estimate for (u þ 1 , y þ 2 ) converges to the same signalx. For a non-linear or time-varying UI observer this property does not always follow from the internal stability. Since this is a reasonable robustness property for a useful observer a (partial) converging input converging output property has been imposed on the observer.
For LTI systems (Hautus 1983 ) strong asydetectability is equivalent to the existence of an UIO, so that neither strong detectability nor strong observability are sufficient for the existence of an UIO. The following Lemma generalizes partially this result for non-linear systems.
Lemma 1: If system (2) has an UIO for the input u 2 U, then it is strongly u-asydetectable.
Proof: Suppose that system (2) is not strongly u-asydetectable but there exists an UIO for u. Then there exist two states x 1 , x 2 2 R n and two unknown inputs w 1 , w 2 2 W such that y(t, x 1 , u, w 1 ) ! y(t, x 2 , u, w 2 ) but xðt, x 1 , u, w 1 Þ 6 ! xðt, x 2 , u, w 2 Þ. Because an UIO for AE U exists it follows thatxðt, z 0 , u, yðt, x 1 , u, w 1 ÞÞ ! xðt, x 1 , u, w 1 Þ andxðt, z 0 , u, yðt, x 2 , u, w 2 ÞÞ ! xðt, x 2 , u, w 2 Þ. Furthermore, the converging input converging output property of the observer implies thatxðt, z 0 , u, yðt, x 1 , u, w 1 ÞÞ !xðt, x 2 , u, w 2 ÞÞ. Since this in turn implies that x(t, x 1 , u, w 1 ) ! x(t, x 2 , u, w 2 ), the assumption on x 1 , x 2 is contradicted, and the lemma is proved.
oe Let a property of the uncertain systems (1) be called robust if it is satisfied by the whole family. A simple consequence of the preceding results is given by the following lemma.
Lemma 2: If system (2) is strongly (u-)observable [(u-)detectable, (u-)asydetectable], then the family of uncertain systems (1) is robustly (u-)observable [(u-)detectable, (u-)asydetectable], respectively. Moreover, if (3) is an UIO for the class of inputs u 2 U c U for system (2) then it is a robust observer for the same class of inputs for the family of uncertain systems (1).
Note that the converse of this result is not true. So studying system (2) provides sufficient conditions for the uncertain systems (1).
Detectability analysis of uncertain reaction systems
A dynamical interpretation of the concepts introduced previously will be useful to derive sufficient conditions for the existence of robust global state observers for the family of uncertain reaction systems (1).
Dynamical interpretation of strong observability and detectability concepts
Definition 1 is based in the comparison of two different trajectories of AE U generated under particular conditions. Therefore a dynamical interpretation of the concepts can be obtained considering two identical systems AE U (2)
that generate the required trajectories, but with different initial conditions and unknown inputs. Introducing the variables 
and
This error dynamics (AE U , Ä) represents all possible pairs of plant trajectories and deviations from it that can be obtained when the known input signals are the same. The subset of those trajectories with the same output can be selected. This can be done settingỹðtÞ ¼ 0 for all t ! 0 in (AE U , Ä). This leads to the following differentialalgebraic (DA) system
The cascade connection of the plant (2) and (5), i.e., system (AE U , Ä c ), will be called the strongly indistinguishable dynamics of the plant, and characterizes dynamically all possible strong indistinguishable trajectories of AE U . The following result is a simple consequence of the definitions.
Lemma 3: For system AE U (2) (i) Two state trajectories are strongly u-indistinguishable if and only if they are of the form x(t, x 0, u, w) and xðt, x 0 , u, wÞ þxðt,x 0 , u, y,wÞ; where x(t) and y(t) is a solution of (2) andxðtÞ is a solution of (5). (ii) AE U is strongly u-detectable if and only if the constrained system (5) hasx ¼ 0 as a globally attractive equilibrium point for everyw, i.e. for every y(t, x 0 , u, w), solution of (2), everyx 0 and everyw such that (5) is satisfied,x ! 0. (iii) AE U is strongly u-observable if and only if the constrained system (5) is trivial, i.e. the only solution isxðtÞ ¼ 0. (iv) AE U is strongly u-asydetectable if and only if for the error dynamics (2, 4)ỹðtÞ ! 0 implies thatxðtÞ ! 0.
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According to Lemma 2 the previous conditions are sufficient for the corresponding robust properties of the uncertain reaction system (1).
Remark 3: Recall that a usual characterization of the zeros (or zero dynamics) of a system _ x ¼ fðx, uÞ, y ¼ h(x) (Isidori 1995) corresponds to the set of pairs (x 0 , u) of initial conditions and inputs, such that the output of the system is zero for all the time, i.e., h(x) 0. For the error dynamics of the plant, i.e., system (AE U , Ä), with state vector ðx,xÞ, input vector ðu, w,wÞ and outputỹ, the zero dynamics is given by the strongly indistinguishable dynamics, i.e., system (AE U , Ä c ). This means that the strong indistinguishable trajectories of AE U correspond to the trajectories of the zero dynamics, that strong observability is equivalent to the absence of strong indistinguishable trajectories, i.e., to the absence of zeros, and strong detectability coincides with the attractivity of the invariant manifold ðx,xÞ ¼ ðx, 0Þ of the zero dynamics for every input.
Lemma 3 gives a dynamical interpretation of the (strong) observability/detectability concepts for the specific case considered in the paper. It is clear that this idea can be used for more general systems, although the obtained indistinguishability dynamics systems are, in general, not so simple as here. Compared to the usual observability criteria, that are based on the construction of the observability map with the vector fields (Zeitz 1989, Gauthier and Kupka 2001) , this characterization has several advantages. 
Detectability test for uncertain reaction systems
The analysis of the error dynamics (AE U , Ä) (2, 4) provides basic information for the design of UIO's. Since strongly asydetectability is a necessary condition for the existence of UIO (see Lemma 3), the objective is to determine conditions on the system such thatỹ ! 0 impliesx ! 0. For the LTI case (Hautus 1983) has proved that two conditions are sufficient and necessary for strong asydetectability (if one considers in (2) that A is a constant matrix and ¼ 0):
, and (C2) System AE U (2) is strongly detectable.
Remark 4: Note that the first Condition (C1) implies that m ! p, i.e., the number of measurements has to be greater or equal to the number of unknown inputs. From Remark 3 it follows that Condition (C2) corresponds to the minimum phaseness of the Error Dynamics (AE U , Ä), that is that the Strongly Indistinguishable Dynamics (AE U , Ä c ), described by the DAE (2, 5), has ðx,xÞ ¼ ðx, 0Þ as an attractive set for every ðy, u, w,wÞ solution of (AE U , Ä c ). In the LTI case this is equivalent to the minimum phaseness of system AE U .
However, for the state affine case (2) Conditions (C1) and (C2) are, in general, not sufficient for strong asydetectability (for a counterexample see Remark 6 below). To find a sufficient condition for the existence of an UIO it will be assumed that (C1) is satisfied. From Condition (C1) there exist regular and constant output "
, and the system (4) in the new coordinates is given by
for some constant matrix " C, and where
, y,ỹ, x,xÞ ¼ TðÁÞ. Note that the unknown input w affects directly the time derivative of the measurable output error " y 1 but it does not have direct effect on " y 2 and z 2 . This shows that Condition (C1) implies that every unknown input is related to a different (transformed) output with relative degree one. To state a further condition, sufficient for strong asydetectability, consider the following subsystem of (6)
(C3) There exists a uniformly bounded matrix L (u, y) (t) such that system (7) with output injection
has ¼ 0 as a globally exponentially stable equilibrium point.
Observers for uncertain reaction systems
Note that (C3) implies (C2) but the converse is not true. In the LTI case they are equivalent, and this corresponds to the detectability of the pair ð " C, M 22 Þ.
Proposition 1: Consider the error dynamics (AE U , Ä) (2, 4) with constant matrices C and B and assume that for every trajectory such thatỹ ! 0 it is satisfied that ðu, y,ỹ, x,xÞ ! 0; and A(u, y) is uniformly bounded. If Conditions (C1) and (C3) are satisfied thenỹ ! 0 impliesx ! 0; that is AE U is strongly asydetectable.
Proof: The dynamics of the subsystem independent of w of (6) can be written as
Since system (8) is exponentially stable it follows, by standard results of internal and input/output stability of LTV systems (Callier and Desoer 1991, Rugh 1993) , that when " y 1 ! 0 and " y 2 ! 0 then z 2 ! 0 in system (6) and thereforeỹ ! 0 impliesx ! 0 for (4). oe
Remark 5: When m ¼ p there is no output equation in (6) and Condition (C3) reduces to Condition (C2) with exponential stability, i.e., system _ ¼ M 22 ðu, yÞ has to be exponentially stable.
Remark 6: Exponential stability of subsystem (8) has to be required, since for LTV systems asymptotic stability does not guarantee input/output stability (see Rugh (1993) ), that is required in the subsystem z 2 in (6). To clarify this observation consider the scalar system with bounded coefficients _ xðtÞ ¼ À2t t 2 þ 1 xðtÞ þ uðtÞ, yðtÞ ¼ xðtÞ:
This system is not exponentially stable, since the transition matrix is Èðt, t 0 Þ ¼ ðt 2 0 þ 1Þ=ðt 2 þ 1Þ, but it is uniformly stable and the zero-input state response converges to zero for every initial state. However, it is not BIBO stable and a vanishing input does not produce a vanishing output, i.e., u ! 0 ) = y ! 0 as t ! 1. To see this consider the output response for t 0 ¼ 0 and
is unbounded! And so in general exponential stability has to be imposed.
Observer design
For LTI systems the conditions in Proposition 1 are also sufficient for the existence of an UIO. It turns out that this is also the case for the state-affine case (2).
If Condition (C1) is satisfied system (2) can be brought, using the output and state transformations used in the previous proposition, i.e., ¼ Sy ¼ ½
T , to the form
where (u, y) ¼ T (u, y). In Proposition 1 Condition (C1) is easy to verify, but not Condition (C3), since it corresponds to a detectability property of the stateaffine system (7). A special more tractable case results when it is uniformly completely observable (UCO) (Anderson and Moore 1990) , i.e., when there exists some T > 0 and some > 0 such that for every t ! 0 the observability Grammian satisfies
CÈ ðu, yÞ ðt þ T, Þd > I, where È (u,y) (t, t 0 ) is the transition matrix of the system. In this case there exists a bounded matrix L(t) such that system (8) has arbitrary degree of stability, that is, given > 0, one can find L(t) such that e t x(t) ! 0, and this matrix can be calculated as LðtÞ ¼ ÀPðtÞ " C T , where P(t) is obtained on line solving the differential Riccati equation
with Pð0Þ 2 R nÂn symmetric and positive definite, and a constant > 0.
Proposition 2: Consider the uncertain reaction system (1), represented by (2), that satisfies the conditions of Proposition 1 and is represented in new coordinates by (9). System
is a reduced order robust observer for the plant (1). If system ð " C, M 22 ðu, yÞÞ is UCO, then the convergence dynamics of the observer can be arbitrarily assigned. Moreover, the observer error is input to state stable (ISS) under external perturbations.
Proof: The dynamics of the estimation error between the observer (10) and the subsystem 2 of (9) is (8), where e ¼ 2 À 2 , that is exponentially stable, if condition (C3) is satisfied. If the UCO property is satisfied, then any desired degree of stability can be reached. ISS follows from the exponential stability of the error equation. Using standard arguments it follows easily that the required converging input converging output property of the observer (see Definition 2) is also satisfied due to the exponential stability of the error equation. oe Remark 7: Note that the satisfaction of conditions in Propositions 1 and 2 depends on the plant's trajectory, i.e. on (u, y).
Remark 8: Proposition 2 includes and generalizes the standard asymptotic observers (see Remark 1) and justify them from the observability/detectability point of view. Moreover, it clarifies under which conditions the convergence dynamics of the robust observer can be assigned This is important, since the convergence velocity of the classical asymptotic observers is not assignable.
Remark 9: The lack of assignability of the convergence velocity for the standard asymptotic observer (see Remark 1) can also be explained with the help of Proposition 2.1 as follows: Since DðtÞ ¼ dðtÞI is scalar and measurements are selected such that Condition (C1) is satisfied, then Condition (C3) is fulfilled if d(t) is persistently exciting (Bastin and Dochain 1990 ). However, no matter how the measured outputs are selected, it is impossible in this case to satisfy the UCO condition, so that the convergence dynamics of the UIO cannot be arbitrarily assigned.
Examples
Some examples illustrate the use and advantages of the proposed method.
Single-tank process (Example 1 continued)
It is easily seen that, for both cases (a) and (b) in the example, Condition (C1) is fulfilled, since rank (CK) ¼ rank(K) ¼ 3. To check Condition (C3) the error system is brought to the form (6) through the state transformation "
System (7) corresponds then to the scalar equation _ z 2 ¼ ÀdðtÞz 2 without output, that is exponentially stable if D(t) is a persistently exciting signal, i.e., there exist , T > 0 such that for all t ! 0 R tþT t dðÞd ! . In this case the system is strongly asydetectable, and _ ¼ ÀDðtÞ À F ðtÞ is a reduced order robust observer (or an asymptotic observer) for the plant, and ! x 1 þ x 2 þ x 4 exponentially fast. Note that the convergence velocity cannot be assigned (see Remark 9).
Multi-tank process (Example 2 continued)
Consider the uncertainty case (a) and two measurement cases.
Case 1: If only the substrate S is measured, Condition (C1) is fulfilled. Using the state transformation " y 1 ¼ " x 1 , z 2 ¼x 1 þ kx 2 ,x 3 ½ T the error system is brought to the form (6) _ " y 1 ¼ Àkw À q in t ð Þðð1 þ RÞ=VÞ "
where ! is a reduced order robust (asymptotic) observer for the plant, and ! [S þ kX, X R ] T exponentially fast. Since the UCO condition is not fulfilled the convergence velocity cannot be assigned (see Remark 9).
Case 2: If both substrate S and biomass X concentrations are measured the transformed error system (6) corresponds to (11) with " y 2 ¼ ½1, 0z 2 . It is clear from the previous analysis that the system is strongly asydetectable. Moreover, if q in (t) is a persistently exciting signal then the UCO Condition is satisfied and
whereŷ ¼ ½1, 0, is a robust observer for the plant if the output injection gain is adequately designed, and ! [S þ kX, X R ] T exponentially fast. Moreover, the convergence velocity can be assigned arbitrarily. For example, with ¼ q in L the estimation error dynamics is _ " ¼ q in ðtÞðG þ L½1, 0Þ". Its convergence velocity can be arbitrarily assigned since the eigenvalues of the matrix (G þ L[1, 0]) can be arbitrarily selected.
Concluding remarks
In this paper a new method has been proposed for the characterization of the observability/detectability properties of uncertain reaction systems, when the uncertainty is modelled as an arbitrary unknown input. A fairly complete characterization of these properties for reactor systems when, for example, the reaction rates are unknown, has been obtained using this method and sufficient conditions for the possibility of constructing robust (asymptotic) observers have been given. These initial results open the possibility to study further other situations in a methodological manner. This will be pursued in future work.
